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Abstract Contrary to conventional view, it is shown that, for an ensemble of either single-
particle systems or multi-particle systems, the realistic interpretation of a mathematical su-
perposition of states that mathematically describes the ensemble does not imply that the
ensemble is a mixture. Therefore it cannot be argued, as is conventionally done, that the re-
alistic interpretation is wrong on the basis that some predictions derived from the mixture are
different from the corresponding predictions derived from the mathematical superposition
of states.
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1 Introduction

One of the central conceptual problems in quantum theory is [1, 2] the physical meaning of a
mathematical superposition of states

∑
k ak|ϕk〉 that mathematically describes an ensemble

of either single-particle systems or multi-particle systems. In particular, what is the physical
state of each ensemble member prior to measurement? There are [1, 2] three interpretations
of the mathematical superposition

∑
k ak|ϕk〉. The first interpretation: before measurement,∑

k ak|ϕk〉 is the physical state of each member of the ensemble. The second interpretation:
before measurement, each member of the ensemble does not have a physical state. The third
interpretation, which is the realistic interpretation: before measurement,

|ϕk〉 is the physical state of |ak|2 × 100 percent of the systems in the ensemble.

According to conventional view, see [3–5] for example, the realistic interpretation of a math-
ematical superposition of states

∑
k ak|ϕk〉, which mathematically describes an ensemble of

either single-particle systems [3] or multi-particle systems [4, 5], implies that the ensemble
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is a mixture. By a mixture, it is meant [3–5] that

|ϕk〉 mathematically describes |ak|2 × 100 percent of the systems in the ensemble.

There are instances [3–6] where the expectation value that is derived from the mixture is
different from the value derived from the mathematical superposition of states

∑
k ak|ϕk〉.

One example of such a difference is the position expectation value; other examples are given
in [3–6]. Differences between the expectation values derived from the mixture and from the
mathematical superposition of states

∑
k ak|ϕk〉 have led to the conventional conclusion, see

[5] for example, that the realistic interpretation of a mathematical superposition of states is
incorrect.

The aim of this paper is neither to argue nor prove that the realistic interpretation of a
mathematical superposition of states

∑
k ak|ϕk〉 is correct, as some supporters of the inter-

pretation have done previously (e.g., see the discussion in [7]). The aim of this paper is only
to investigate whether the realistic interpretation of a mathematical superposition of states,
which mathematically describes an ensemble of systems, really implies the ensemble is a
mixture. I will show that, in both the single-particle case (Sect. 2) and multi-particle case
(Sect. 3), the realistic interpretation of a mathematical superposition of states (i.e., |ϕk〉 is
the physical state of |ak|2 × 100 percent of the systems in the ensemble before measure-
ment) does not imply a mixture (i.e., |ϕk〉 mathematically describes |ak|2 × 100 percent of
the systems in the ensemble), contrary to conventional view. An immediate corollary of this
conclusion is also discussed at the end of the paper.

2 Single-Particle Case

We begin with the single-particle case. Consider, for simplicity, an ensemble of single-
particle systems that is mathematically described by this mathematical superposition of
states:

ψ =
√

2

3
|0〉 + 1√

3
|1〉. (1)

According to the realistic interpretation of ψ , prior to measurement, |0〉 is the physical state
of two-thirds of the ensemble and |1〉 is the physical state of the remainder one-third of the
ensemble.

First, for simplicity, let’s consider the case where there are only three single-particle
systems, S1, S2 and S3, in the ensemble. The first possibility is that, prior to measurement,
the physical state of S1 is |0〉, the physical state of S2 is |0〉, and the physical state of
S3 is |1〉. The second possibility is that, prior to measurement, the physical state of S1
is |0〉, the physical state of S2 is |1〉, and the physical state of S3 is |0〉. The third and final
possibility is that, prior to measurement, the physical state of S1 is |1〉, the physical state of
S2 is |0〉, and the physical state of S3 is |0〉. So, although |0〉 is the physical state of two of
the three systems in the ensemble and |1〉 is the physical state of one of the three systems
in the ensemble prior to measurement, it is not known exactly which two systems have the
physical state |0〉 and exactly which system has the physical state |1〉 prior to measurement.
From the three possibilities, it follows that, prior to measurement, the physical state of S1
is either |0〉 with probability 2/3 or |1〉 with probability 1/3, the physical state of S2 is also
either |0〉 with probability 2/3 or |1〉 with probability 1/3, and the physical state of S3 is also
either |0〉 with probability 2/3 or |1〉 with probability 1/3. Thus, from a realistic viewpoint,
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each system (S1, S2, S3) in the ensemble is mathematically described by the mathematical
superposition of states ψ in (1) and not mathematically described by a basis state |0〉 or |1〉,
consistent with the fact that the ensemble is mathematically described by ψ .

The same conclusion holds for each system for an arbitrary number of systems in
the ensemble. Therefore, the realistic interpretation of the mathematical superposition of
states ψ(|0〉 is the physical state of two-thirds of the ensemble and |1〉 is the physical state
of the remainder one-third of the ensemble) does not imply that the ensemble is a mixture
(|0〉 mathematically describes two-thirds of the ensemble and |1〉 mathematically describes
the remainder one-third of the ensemble).

A similar argument for any other mathematical superposition of states (i.e., a superpo-
sition of any number of basis states with any coefficients) that mathematically describes an
ensemble of single-particle systems leads to the same conclusion: the realistic interpretation
of the mathematical superposition of states does not imply that the ensemble is a mixture.

3 Multi-Particle Case

The argument for the multi-particle case is similar to the one for the single-particle case and
I will illustrate it for an ensemble of two-particle systems that is mathematically described
by this mathematical superposition of states:

φ = 1√
2
|0〉|0〉 + 1√

2
|1〉|1〉. (2)

According to the realistic interpretation of φ, prior to measurement, |0〉|0〉 is the physical
state of half of the ensemble and |1〉|1〉 is the physical state of the other half of the ensemble.

For simplicity, let’s first consider an ensemble of only two two-particle systems, T1 and
T2. In this case, there are only two possibilities: prior to measurement, |0〉|0〉 is the physi-
cal state of T1 (i.e., |0〉 is the physical state of each of the two particles of system T1) and
|1〉|1〉 is the physical state of T2 (i.e., |1〉 is the physical state of each of the two particles of
system T2), or, |1〉|1〉 is the physical state of T1 and |0〉|0〉 is the physical state of T2. So,
although |0〉|0〉 is the physical state of one of the two systems in the ensemble and |1〉|1〉 is
the physical state of the other system in the ensemble prior to measurement from a realistic
viewpoint, it is not known exactly which system has the physical state |0〉|0〉 and exactly
which system has the physical state |1〉|1〉 prior to measurement. The two possibilities im-
ply that, prior to measurement, the physical state of T1 is either |0〉|0〉 or |1〉|1〉 with equal
probability of 1/2, and the physical state of T2 is also either |0〉|0〉 or |1〉|1〉 with equal prob-
ability of 1/2. So, from a realistic viewpoint, T1 and T2 are each mathematically described
by the mathematical superposition of states φ in (2) and not by a basis state |0〉|0〉 or |1〉|1〉.

Likewise, for an ensemble of an arbitrary number of systems, each member of the en-
semble is, from a realistic viewpoint, mathematically described by the mathematical su-
perposition of states φ and not mathematically described by a basis state. Therefore, the
realistic interpretation of the mathematical superposition of states φ (|0〉|0〉 is the physical
state of half of the ensemble and |1〉|1〉 is the physical state of the other half of the ensemble)
does not imply that the ensemble is a mixture (|0〉|0〉 mathematically describes half of the
ensemble and |1〉|1〉 mathematically describes the other half of the ensemble).
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4 Conclusions and Ending Remarks

In summary, I have shown that, for an ensemble of either single-particle systems or multi-
particle systems, the realistic interpretation of a mathematical superposition of states that
mathematically describes the ensemble does not imply that the ensemble is a mixture, con-
trary to conventional view.

The conclusion above has an immediate corollary. Because the realistic interpretation of
a mathematical superposition of states that mathematically describes an ensemble does not
imply that the ensemble is a mixture, it cannot be argued, as is conventionally done, that
the realistic interpretation is wrong on the basis that some predictions (expectation values)
derived from the mixture are different from the corresponding predictions derived from the
mathematical superposition of states. Whether the realistic interpretation is correct is there-
fore still an open question.

Inspired by a wave of recently proposed local realistic theories [8–12] for the Einstein-
Podolsky-Rosen-Bohm (EPRB) experiment, I have shown how the realistic interpretation
could be utilized to construct a realistic theory that is both local and consistent with the
quantum mechanical predictions for the EPRB experiment [13] and also the Greenberger-
Horne-Zeilinger (GHZ) experiment [14]. Other utilities of the realistic interpretation are
being explored.

References

1. Isham, C.: Lectures on Quantum Theory. Imperial College Press, London (1995)
2. Ghirardi, G.: Sneaking a Look at God’s Cards: Unraveling the Mysteries of Quantum Mechanics. Prince-

ton University Press, Princeton (2003)
3. Greenstein, G., Zajonc, A.G.: In: The Quantum Challenge: Modern Research on the Foundations of

Quantum Mechanics, pp. 159–161. Jones and Bartlett, Sudbury (1997)
4. Furry, W.H.: Phys. Rev. 49, 393 (1936)
5. Furry, W.H.: Phys. Rev. 49, 476 (1936)
6. Afriat, A., Selleri, F.: In: The Einstein, Podolsky, and Rosen Paradox in Atomic, Nuclear, and Particle

Physics, pp. 10–13. Plenum, New York (1999)
7. Hall, N.: Brit. J. Phil. Sci. 50, 313 (1999)
8. Aharanov, Y., Botero, A., Scully, M.: Z. Naturforsch. 56a, 5 (2001)
9. Hess, K., Philipp, W.: Proc. Nat. Acad. Sci. 98, 14224 (2001); 14228 (2001)

10. Hess, K., Philipp, W.: Europhys. Lett. 57, 775 (2002)
11. Kracklauer, A.F.: J. Opt. B 6, S544 (2004)
12. Kracklauer, A.F.: AIP Conf. Proc. 750, 219 (2005)
13. Lan, B.L.: J. Opt. B 4, S384 (2002)
14. Lan, B.L.: J. Russian Laser Research 26, 530 (2005)


	Does the Realistic Interpretation of a Mathematical Superposition of States Imply a Mixture?
	Abstract
	Introduction
	Single-Particle Case
	Multi-Particle Case
	Conclusions and Ending Remarks
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


